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Logarithms

Students' learning outcomes
at the end of the unit, the students will be able to: )

Express a number in scientific notations and vice versa.

Describe logarithm of a number

Differentiate between common and natural logarithm

YV ¥V Vv V¥

Apply concepts of real numbers to real word problems (such as

temperature, banking, measures of gain and loss, sources of income

and expenditure).

Conversioh of Numbers from Ordinary Notation to

Scientific Notation _
Example 1: Convert 78,000,000 {0 scientific notation.

Solution: ,
Step 1: Move the decimal-to get a number between 1 and 10:

7.8
Step 2: Count the number of places you moved the decimal:

7 places
Step 3: Write in scientific notation:
78,000,000 = 7.8 x 107

Since we moved the decimal to the left, the exponent is positive.
Example2: Convert 0.0000000315 to scientific notation.
Solution:
Step 1: Move the decimal to get a number between 1 and 10:

3.15

Step 2:Count the number of places you moved the decimal:
8 places

Step 3: Write in scientific notation:
00000000315 =3.15 x 10°*

Since we moved the decimal to the right, the exponent is

Negative.
\
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Conversion of Numbers from Sci

Notation

. Example 3:

Solution:

Step 1:1dentify the parts:
Coefficient: 3.47
Exponent: 10° :

Step 2:Since the exponent is positive 6, move the decimal point

6 places to the right.
3.47 x 108=3,470,000
Convert 6.23 x 1

Convert 3.47 x 106 to ordinary notation.

Example 4: 0~ to ordinary notation

Solution:

Step 1:1dentify the parts:
Coefficient: 6.23
Exponent: 10~

Step 2:Since the exponent is negative

4 places to the left.
6.23 x 10~* = 0.000623

EXERCISFE

cientific notation.

4, move the decimal point

Express the following numbers. in §

1
@ 2000000 (i) . 48900
i)  0.0042 Giv)” 0.0000009
v) 73x10% (vi) 0.65x 10*

Solutions:

@ 2,000,000

Scientific notation expresses numbers as a product of a number
between 1 and 10 and a power of 10. To convert 2,000,000 into
scientific notation:

_ 2,000,000 = 2 x 10°
Thus, the scientific notation for 2,000,000 is 2 X 10°.

el

P
entific Notation to Ordinary

»

A

(i)

right.

(’", 48,900 [ —

To €x ress 48,900 in scientific notation, we move the decimal
int SO that only one non-Zero digit remains on the left of 4

decimal point. For 48,900, move the decimal pomt 4 places "
e left.

" 48,900 = 4.89 x 10*

Thus, the scientific notation for 48,900 is 489 ~ 10*

0.0042 4
pers less than 1, we move the decimal pomnt to the ng

first digit is just to the right of the decimal pomt

the decimal point3 places to the right.
0.0042 = 4.2 x 1077

Thus, the scientific notation for 0.0042 is 4.2 x 107,

(iv) 0.0000009

gjmilarly, for very small numbers, we move the decimal point to

the right. For 0.0000009, we move the decimal 7 places the

For num
so that the
0.0042, move

0.0000009 =9 x 1077
Thus, the scientific notation for 0.0000009 is 9 x 107"

v) 73 x 103
This number is already in a form that is almost in scientific
notation, except that the coefficient is not between 1 and 10. We

need to adjust the coefficient. To make the coefficient fall between
1 and 10, we can write 73 as 7.3 X 10!, and multiply by 10°:

73 x 103 = 7.3 x 10* x 10° = 7.3 X 10*
Thus, he scientific notation for 73 X 103 is 7.3 x 10*.

(vi) 0.65X 10?

Here, we have 0.65 x 10

so that it is between 1 and 10. To do thi

in 0.65 one place to the right to make it

of 10 accordingly:
0.65 x 107

ﬂUS, the scientific notation for 0.

, and we want to adjust the coefficient
s, move the decimal point
6.5, and adjust the power

— 65 x 10! x 10% = 6.5 x 10*
65 x 10 is 6.5 X 10%.

——
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rdinary notation,
3 x 10°

1.77 x 107
4x107°

wing numbers ino
»(ii)
iv)

(vi)

2. Express the follo
(i 8.04Xx 102
(i)  1.5% 1072
(v) 55X 107°
Solution:
@ 804X 10?
To convert to ordinary
is 100). This means we m

y 8.04 by 102 (which

we multipl
places to the

ove the decimal point two

notation,

— 804

right:
s 804.

8.04 X 10?

Thus, 8.04 X 10?2 in ordinary notation 1

@ 3% 10°
To convert to ordin
100,000). This means

the right:

we multiply 3.bY 105 (which is

ary notation, )
we move the decimal point five places to

3x10° = 300,000

Thus, 3 X 10° in ordinary notation is 300,000.

i) 1.5% 1072

To convert to ordinary notatio

n, we multiply 1.5 by 1072 (which

is —1—). This means we move the decimal point two places to the
100 : ‘

leﬁ: )
15 x 107%= 0.015

Thus, 1.5 x 1072 in ordinary potation is 0.015.
Gv) 1.77x107

To convert to ordinary
is 10,000,000). This means we move the

places to the right:

nofation, we multiply 1.77 by 107 (which
decimal point seveh

1.77 x 107 = 17,700,000
Thus, 1.77 X 107 in ordinary notation is 17,700,000.

i

|

—

6
5.5x10"
To convert 10 ordinary notation, we multiply 5.5 by 1075 (.3,
p _This means we move the decimal point s
is 10/00'6'6'6 cimal point s places

to the left:
5.5 x 10~% = 0.0000055

Thus, 5:5 % 106 in ordinary notation is-0.0000055.
(vi)
To convert to

. ). This means we move the decimal point five places to

100,000
the left:

4 %1075
ordinary notation, we multiply 4 by 1075 (which is

1\, 4% 1075 = 0.00004
Thus 4 % 1072 in ordinary notation is 0.00004.
The speed of light is approximately 3 x 1082 miles per
second. Express it in standard form.
30 x 108 m/s = 300,000,000 x 1078 x 10® m/s
= 300,000,000 x 107%** m/s

= 300,000’000 X 100 [n/s
= 300,000,000 x 1 m/s
= 300,000,000 m/s

L

Solution: E

4. The circumference of the Earth at the equator is

.about 40075000 metres. Express this number in
- scientific notation.
Solution: To express 40,075,000 metres in scientific notation:

e Place the decimal point after the first non-zero digit:
4.0075. »
e Count the number of places the decimal point has moved
to get back to the original number. In this case, it moves 7
places to the right.
Thus, the circumference of the Earth in scientific notation is:
4.0075 x 107 metres.

——
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S. The diamet
number in standard form.

Solution:
- 6779 % 10 1 % 10'km
=6779 x 10 km
= 6779 x 10°km
=6779 x 1 km
= 6779 km
6. The diameter of Earth is about 1.2756 X 10* km,
Express this npumber in standard form.

Solution: 1.2756 x 10*%km = 12756 X 10~ x 10*%km
= 12756 x 10 km
=12756 x 10° km
=12756 x lkm
=12756 km

Example 5: Convert log,8=310 exponential form.

Solution: log,8=3

Its exponential form is: 23=8
Example 6: Convert log,,100=21t0 exponential form.
Solution: log,,100 =2

Its exponential form is: 102 =100

Example 7:  Find the value of x in each case:

(i) ( log25=x (i) logx=6

Solution: (i) logs25 =x (i) logx=6

Its exponential form | Jts exponential form is:
is: 26 = x
5*=25 .
- 5= 52 = x=064
= A -
, RO

——
or of Mars is 6. 779 X 10 km. Express thig

L
The diameter of mass ~ 6.779 % 10 km

V

gaample g: Convert the following i logari-
(i) 1 = 81 (1 77
golution: (1 3"~ 81 lGiy
Its logarithmic form is: | Its logarithmic form
log,81 =4 ; l'v;z,; .

EXERCISE

Express each of the following in logarithmic form:

1.
0] 10° = 1000 i) 2"=2%6
@) 3= ;],; (iv)  20° =400

\ Y
e O\\19™3 (vi) 117=121
{O\M) p=a i) (32)° =+

"\ Solution: To express the given exponential equations in

. logarithmic form, we follow the basic rule of loganithms:
a? = ¢ canberewrittenas log,(c) =5

Let's solve each part:

(i - 10°=1000

We can express this as:
log,,(1000) = 3

This is the logarithmic form where the base is 10, the result is
1000, and the exponent is 3.
(i) 2%=256
To express this in logarithmic form:
log,(256) = 8
Here, the base is 2, the result is 256, and the exponent is 8.

i)y 33=L
27

This can be expressed as:
1
|0g3 (’27) = -3
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The base is 3, the result is -2% and the exponent is -3.
(iv) 20% =400

In logarithmic form, this is:
log20(400) =2 ;
e exponent is 2.

Here, the base is 20, the result is 400, and th

1
v)167¢ = %

To express this in logarithmic form:

1 1
_log1e (‘2') i 1
The base is 16, the result is %, and the expoqent is — -,
vi) 112=121

Step 1: Exponential Form

112 =121

orm

Step 2: Logarithmic F
]Og11(121) =2

Explanation:
o The baseis 11.

e The resultis 121.
e The exponent is 2.
i) p=q :
Expressing this in logarithmic form: *
' logg(@) =7
The base is g, the resultis p,and the exponent is 7.
viil) (32)% =2
To express this in logafithmic form:
lo (1) = -1
832 9 i 5 ‘ .
1

; 5" ;
Here, the base is 32, the result is =, and the exponent is — ¢’
2

e

—————

S ————
Express each of the following in exponentia] .
orm:

2.
@ logs125=3 (i) log,16=4
Gii)  logy 1=0 (iv) logs5=1

1 . -
(v). log; i -3 (vi) 2" log, 3

iy 5=log, 100000 (vii) \log; — =2
16

Solution: To convert the given logarithmic expressions i
exponential form, we use the basic rule of logafirtisr::;ns e
‘ ~ logy(a) =¢ canberewrittenas b =a

Let's solve each part separately:
0] logs(125) =3
We.can express;this in exponential form. as:

' X - -8 5% =125
This means 5 raised to the power of 3 equals 125.
(i) log;(16) = 4
In exponential form, this is:

2t =16

This means 2 raised to the power of 4 equals 16.
(i) logz3(1) =0

- We-express this as:

23%=1
Any number raised to the power of 0 equals 1.
(iv) logs(5)=1

This can be expressed as:
S'=5

This means 5 raised to the power of 1 equals 5.
0 loga ()= -3

In exponential form:

2=
8
This means 2 raised to the power of -3 equals 2.
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s 1
v 5 =logy (3)
We express this in c\poncntnal form as:
92 = 3
This means 9 raised to the power of 7 1 (the square root of 9?

equals 3.
(vii) 5= logy0(100000)
In exponential form: 105 = 100000
This means 10 raised to the power© of: 5 equals 100000.

1 — —
(viii) 1084 ;g) =-2
We express this as:

-2 — —
.55
1

This means 4 raised to the power of -2 equals :-l'g

3 Find the value of x in each of the followmg

@) log, 64=3 i) logsl=x N\
i) log, 8=1 v) logy x_-—3 K
(v) log,x =—;— (vi) logz1024=x -
Solutions: » s
(i) log.(64)=3 .\ -
The equation log,(64) =3 can be rewritten in exponential form
as: b
x3 =64
Now, to fi nd x, we take the cube root of both sides:
, ' x=V64=4
Thus, the value of x is:
x=4

w

/gs(i)-—x

lo
5\;) know that any logarithm of 1 is equal to 0, becayse:
logy(1) = 0 for any base b
Thus:

x=0

So the value of x is:

i) logx(8) =1
This equation can be rewritten in exponential form as:
: | x1=8
Thus, x = 8'
So the value of x is:
_ x=28
(V) logi(x)=-3 :
Rewriting the equation in exponential form:
3 w3 =
This gives: = 4. — an
. _ 10° 1000
W logs®) =3

Rewntmg this in exponentlal form:
X = 4-2
We can simplify 42 as follows:
x= 42 = (22)2 =2 =R
Thus:

So the value of x is:

\
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. A
(vi) log,(1024) = x
Rewriting this in exponential form _5_ ) "5) f ;
We get 2= llgz.t L
e 2] 128
Thus: 3] 5
R A 10 ’Z— 32
So the value of x is: _g_ 12
| -
¥ i S
g 1
9: Find characteristic of the followings: .
@ log725 (i) log9.87 -
@iii) log 0.00045 (iv) log0.54

Solutions: () log 723
Characteristic =3-1=2

nmhbers:
0.0478

therowandS_

in the column of the log table)
So, log(345)=2 +0.5378
=2.5378
(i) 5678
Characteristic=1-1=0
Mantissz = 0.7542 (7536 + 6=T7542)
S0, log(5678)= 0+ 0.7542 = 0.7542

P é

w

0.0036
Characteristic =—(2 + 1) =-3
Mantissa = 0.5563
¢ 36 in the row and 0 in the column of the log table)

o

(Look fo _
- So, 10g(0.0036) = -3 + 0.5563 = 3.5563
) 0.0478
¢ ; Characteristic=— (1 + 1)=-2
Mantissa = 0.6794 .
(Look for 47 in the row and 8 in the column of the log table)
So, log(0.0478) = -2 ¥0.6794 = 2.679%4
Example 11: Find the.value of x in the followings:
. =0.256
() logx=0 - 252:.} |/ Remember!
(i) 108* =~ ~1-"°R%% | The place between the first non-zero
(iii) log % ==2:1234 | digit from left and its next digit is
Solution: ; called reference position. For
501 ]ogi’_‘ 0.2568 example, in 1332, the reference
! g%aract eristic = 0 _position is between 1 and 3

| Mantissa = 0.2568
Table value = 1803 + 3 = 1806

So,x = antilog (0.2568) = 1.806 (Insert the decimal point at

reference position.
i) logx=-1.4567
Since mantissa is negative, so we make it positive by adding
and subtracting 2 logx=-2+2-1.4567
=_2+0.5433 = 2.5433
Here characteristic = 2and mantissa = 0.5433
Table value = 3491 + 2 = 3,493

So, x=antilog (2.5433)

=0.03493
Since characteristic is 5,,therefore decimal paint will be after 2
digits left from the reference position
(iii) - log x=-2.1234
Since mantissa is negative, so we mak
———

e it positive by adding and
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subtracting 3
|up,\' 31+3-212M

14 08766 = 3 8760

3,m.'mm.sn 0.8766
7.526

Here charactenistic
Table value = 7516 + 10

So, x=anulog( 3 8766)
= (.007626

(Since characteristic -
digits left from the reference position.)

EXERCISE JEED)

Find characteristic of the following numbers:

1.
(i) 5287 (i)  59.28
(iii)  0.0567 (iv) 2347
(v)  0.000049 (vi) 145000
Solutions:
i) 5287 .
287 in scientific notation:

To find the characteristic, we €Xpress 5
5287 = 5.287 x 103

The characteristic is the integer part of the exponent in the -
scientific notation. Here, the exponent is 3.
Thus, the characteristic of 5287.is; |

B
(i) 59.28
Now, express 59.28 in‘seientific notation:
59.28 = 5.928 x 10!
The exponent in the scientific notation is 1.
Thus, the characteristic of 59.28 is:

= 3 therefore decimal point will be after 3 -

o 0.0567 _.
lixr"‘"‘" 0.0567 n screntific notatem
0.0567 = 567 2 10 ¢
The exponent in the scientific notation 15 -2
haracteristic of 0.0567 15

Thus, the ¢

Ib El]

234.7

press 234.7 in scientific/notation:
234.7/= 2.347 = 107

The exponent in the scientifie.potation is 2.

Thus, the characteristic 0£234.7 is:

A
) ~ (0000049

. Express 0.000049 in scientific notation:
0.000049 = 4.9 x 107°

The exponent in the scientific notation is -5.
Thus, the characteristic of 0.000049 is:

(vi 145000
Now, express 145000 in scientific notation:
145000 = 1.45 x 10°

The exponent in the scientific notation is 5.
Thus, the characteristic of 145000 is:

(5]

2. Find logarithm of the following numbers:

(iv)
Now, cx

@i 43 () 579 (i) 1.982
(iv)  0.0876 (v)  0.047 (vi) 0.000354
Solutions:

(i) 3 log1o43
Using a calculator or logarithmic table:
logy043 = 1.6335

Thus, the logarithm of 43 is:
1.6335

N ———
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e

(i) |0g105 9

U ‘m& a calculator or kmxrthmn table:

Thus, the logarithm of 579 is:
2.7627

Gii) logsel 982

Using a calculator or lozanthn'uc table:

log; ol Q82 = 0.2971
Thes, the logarithm of 1.982s:

(ﬂ) log,.o 0876
Using a calculator or Jogarithmic table:

log;0.0876 = —1.058 = =2.9425=-1.0575
Thus, the logarithm of 0.0876 is: A

v) log,oﬂ 047

Using a calculator or logarithmic table:
log;00.047 = —1.3279

log,, 0.047 = =26721=~1 .3279 '
Thus, the logarithm of 0.047 is:

(Vi) |og100. 000354

Using a calculator or logarithmic4able:
10g350.000354 ~ —3.451 = 45490 = ~3.4510
Thus, the logarithm of 0.000354 is: r

-3.4510]

B L\‘

\

1 { log 3177 = 0.5019, then find:
s m3177 (i) log3L77 (i) log0.03177
en that log3.177 = 0.5019, let's solve the

(@) _anexpress 3177 as:
3177 = 3.177 x 10

the logarithmic property log(ab), = loga + logh, we can

rewrite 108 3177 as:

celog10 = 3 we have
S log3177.= 055019 + 3 = 3.5019

Thus, the value of log3177 is:
3.5019

Using

@) 10g31.77
We/can express 31.77 as:
31.77 =3.177 x 10

‘Using the logarithmic property log(ab) = loga + logb, we can

rewrite log31.77 as:
log31.77 = log(3.177 x 10) =
Since log10 = 1, we have:
log31.77 = 0.5019 + 1 = 1.5019

Thus, the value of log31. 77 is:
1.5019

log3.177 + log10

(iii) log0.03177
‘We can express 0.03177 as:
0.03177 = 3.177 x 1072

Using the logarithmic property log(ab) = loga + logh, we can
rewrite log0.03177 as:

l0g0.03177 = log(3.177 x 107%) =
Since log10~2 = —2, we have:

l0g0.03177 = 2.5019 = 0.5019 — 2 = —1.4981

Thus, the value of logo. 03177 is:

= log3.177 + log10~?
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4. Find the value of x. ' ‘ s
@i logx= 0.0065 Gy logx=1.192
(iii)y logx= -3.434 L (i‘f) log x =_= -1.5726
(v) logx= 4.3561 * (vi) logx= -2.0184
Solutions:

G) logx=0.0065
The equation logx = 0.0065 is 1

roperty of logarithms: .
it lo = 0.0065 = x=1

(00065 ysing a calculator:
x ~ 1.0153

. x= |
(i) logx =1.192 '

Again, using the property of logarithms:
x=

n base 10. To find x, we use the

Oo;ooss

Now, calculate 1

Thus, the value of x is:

logx =1.192 = 101192

Now, calculate 101192;

x =~ 15.559

Thus, the value of x is:
 x=[15.559]

(i) logx = -3. 434
For this equation, we have: :
logx = —3434 = _& =

Now, calculate 107343%: .
x =~ 0.000369

1 0;-3.434_

Thus, the value of x is:

»~[0:000369]

(iv) logx =—-1.5726

For this equation: :
logx = -1.5726 = x=1
0~15726.

x =~ 0.0267

x ~[0.0267]

0—1.5726

Now, calculate 1

Thus, the value pf x is:

. 4

() . ..equation:
For s eq logx = 43561 = x=10*3561
4.3561.

calculate 1Q :
) x ~ 22684.3
Thus the value of x is:

:  x~[22684.3
For this equation: _

logx = —20184" = x= 1020184

1—2.0184.
0 &

Now, calculate 1
x =~ 0.000095

Thus, thevalue of x is:
x ~[0.000095 ;

- Laws of Logarithm

paws of logarithm are also known as rules or properties of
Jogarithm. These laws help to simplify logarithmic expressions.

and solve logarithmic equations.
1.  Product Law :

log, xy =log, x+log, y
The logarithms of a product are the sum of the logarithms of the factors.

Proof: Let ' =
m=log,x = ...(0)

n=log,y ...(ii) |

and

In expc nential form:

, x=b" and y=0"
Multiply x and y
‘ xy= b b=
In logarithmic form:
log, xy=m+n

log, xy =log, x+log, y [From (i) and (ii)]
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X
log, (;) =log, x~log, y

The logarithm of a quotient is the difference between the

_logarithms of the numerator and the denominator,
Proof: Let

m=log, x ()

and  n=log, y ...(iif)
In exponential form:
x=5h" and y=>5b"

Divide x and y
2 Y
T

In logarithmic form:

x
log,,(—)=m—-n
¥ .

log, (f] =log, x~log,y  [From (§) dnd (i)

3.  Power Law

log, x" = n.log,,
The logarithm of a number raised to a-power is the product of the
power and the-logarithm of the base number.

Proof: Let : :
m=log, x (i)
In exponential form:
x=h"
Raise both sides to the power n
X'= (bm)n = pmn

In logarithmic form:

log, x" =mn

log, x" = n.log, x [From ()]

/

i

~ - Change of Bm

log, x = o 2Le¥
log b
This law allows to change the bage of a logar;

other base “q.

\

Barithm from “b 1o any

proof: Let . m=log, x (i)

" In exponential form:

M=x
Taking logs on both sides
log, 5" =1log, x
mlog,b=log, x .
_log, x
log,b
log, x
“Tog, b
Example 12: Expand the following logarithms:
(i) log;(20) (ii log, (9
(iii) log,, 27
Solutlon. (i) log,(20) (i) log,(9)*
=log,(2x2x5) - =log, 3%’
=log, (2’ x5) 72l log, (3)"°
=log,(2)’ + log, 5 =10 log,3
=2log,2+ log, 5
log27
log32

log, x = [From (j)]

(iii) logJz 27 =

log3’ _ 3|033

log 2> Slog2
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Example 13: Expand the following logarithms: 8
3 xy
y J (i) *logs(—z—)
3 x_y) ;
J = 3log, ol

=3[log; (x—y)—log, z]

y i
x —
Gi) log; (—ZZJ =8 log, ( - )
= 8[l0g5 (x}’) b ]°gs Z]'
— 8[log, x + logs ¥~ 10gs z]

b

(i) log, (

V4

x-y
z

Solution: (i) log, (

Example 14: Write as a single logarithm:

(i) 2 log; 10-log; 4
(i) 6 log;x+2log; 11

Solution: (i) 2 log,10-log; 4 (ii) 6 logyx+2 log,11
| =log, (10)* - log, 4 =log, x* +log (1 1)’
=log,100-log, 4 =log, x* # log, (121)
I 100 = log, (121x*)
=log; ("’4")
= log, 25

Example 15: The decibel scale measures sound intensity using

A _If a sound has an intensity () of

the formula L =40 log;; (-I—-)
i know?
10° times the reference intensity (/). Doyes >
What is the sound level in decibels? In (0) = undefin
In(1)=0
Solution: L =40 log,, l— ik
[.. In(e)= 1
/

i

i 2 N e
— pu 1 =101, weget o
: 10°
L =40 log,, (—I’J
' 1"
L =40 log,, (10)°
L =40 x 6 log,,10
L =40x6 (" log,, 10=1)
L =240 decibels ' -
.| EXERCISE ]
b Without using calculator, evaluate the following:
) log, 18-log, 9 (i)  log,64+log,2
: ] ‘
(i) 5‘log?8—log318 (iv) " 2log 2+ log 25
;3? ") Jlo64+2l0g,25 (v) log,12+I0g,0.25
Solution: (i)  log, 18—Iog'2 9 | (ii) log, 64 +log, 2
o fug, l9§ =log, 2 = logs (64 2)
: , ) = logx(2) -
£ # x _~nl
| Let log, 2 = x - 27=2 =7log2 .. log2=1
o ox=1 =7(1)=7
(iii) Elog3 8-log, 18
I
- 8’
=log,8’ —log,18 =log, 13
J
! 2’y
- =log,8 -log,18  =log, (18)
\
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@iv)

(vi)

/ _—\
_ 2
=log, s = log, :
1 -2
=log,— =log,3
J- -

=-2(1) “u 3

2log 2 +log 25 - %108464"'2108525
=log2’ +log25 '

1 ’

=log4+log25 =-3—log4(43)+2log5 5
=log(4x25) " e .
=log160 =§x310g44+2x210g55 '
=log10 ~1(1)+4(1) (- log, a=)
=2logl0 —1+4
=2=2 g

log, 12+1log; 0.25 .

=log,(12x0.25)

= log,(3) =1

Write the following-as a single logarithm.

¢ | i s
R0 —;—log 254 2%0¢3 ) log9-log3

@iii) log, b log, 5’ Gv) 2log,x+logy

v)  4log,x—log, y+logsz
(vi) 2Ina+3Inb-4Inc

Solutton Let's simplify each of the logarithmic expressions

step-by-step using logarithmic properties.

L

&

RS T

'(0 110g25 + 2log3

Z p
Use the Jogarithmic property alogh = logps.

. For%logzs we have:

ElogZS log25'/2 = log5
. For 2log3, we have:
_ 2log3 = log3%=log9
Now, combine the two terms using, the property
,og,,a + logyc = logy(a ):
log5 4+ log9 = log(5 - 9) = log45
Thus, the single logarithm'is:
log45

(i) log9—lbg-;-

" yse the 1oga1ithmic property log,a — log,c = log, =:
. ~ . .
e 9
log? - log§ = log T|= log(9 - 3) = log27
. 3 '
Thqs, the single logarithm is:
log27]
(iii) . logsh? +log,53 (iv)  2logsx+logy
: =2log, bx3log, 5 = logsx” + logsy
=6log; bxlog, 5 -
=6log, b :

(V)  4logsx — logsy + logsz

Use the property alog,c = log,c? for the first term:
N 4logsx = logsx*
oW, combine the terms using logya — logy¢ = logy - Zand

logba + log,c = logy(a - c):

\
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. : x4z
logsx* — logsy + 10852 = logs | 7
Thus, the single logarithm is: ‘
=
oge | =
8s | y

(vi) 2Ina + 3lnb —4Inc - ‘
b for each teml

Use the property alnb = In i
2lna = Ina?, 3Inb.= Inb3, —4lnc =Inc”
Now, combine the terms using Ina + Inb +Inc = In(a-b-c)
and Ina — Inb = ln 5 :
: ; 7 a2b3
Ina +Inb3—Inc* =1In (7_)

Thus, the single logarithm is:
’ a2b3

owing using laws of logarithms:

3. Expand the foll

@ 103(151) i)  log, V8a®
(iif) ln(-a—é) (iv) log(—x-y—)q.
(4 » > Z
) In316x° : (vi) log, ('_‘;”—J
Solutions: '

(i) log (151)
Using the property log% = loga-

g b G
log ('5') = log11 — log5

— logb, expand:

(i) log5V 8a®

~a

=logs (806)2‘

—

1 6
=—lo (sa )
> s

—;-(logs 8+ log, a®)

=

2
- 1[3log, 24 6logs ] |

i _]_[log, 2% +log, d° ]

1 1
=2 x3logs2 45 x6logsa

= —;log, 2+3logsa

, .'('“) In —22)

Using In- = Ina — Inb, rewrite:
2b :
| : ln( - ) ln(azb) Inc
j Now use In(ab) = Ina + Inb:. . _
. I.n(azb) =Ina? +Inb
Expand Ina? using Ina™ = nina:
Ina? = 2Ina

Substitute back:
azb
In o = 2lna + Inb — Inc

i .(iv) l'og (2) 1/9

Using loga™ = nloga, expand: :
0g(2) " =5108(3)

Using lOg% = loga — logb, rewrite:
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log (:;‘-'-) w log(xy) = logs

Using log(ab) = loga + logb, expand log(xy):
log(xy) = logx + 108y

Substitute back:
X
log (%) = logx + logy = log

Now distribute ;:—:
1 1 1
%(logx + logy — logz) = b-logx + ;)-logy g logz
= %[log.\w'log)’— log z]
) -InV16x®
L
=In(16x")*
l 3
=§[ln16x ]
1 i
=§[lnl6+lnx ]
'=%[ln16+3ln’x'] |
= L1644 xFinx
3 Y s

L2 sl
3
=-;-x4ln2+lnx

=ih2+Mx
3

RN,
v g (52)
Using loga™ = nloga, expand:

L —— R —————

b

e 1 - a\’ 2 } =g
log2 = Slog, (\b )

4 = loga = logb, expand:

yUsing log g il

gubstitute back:

Distributc 5:
= 5logz(1 — a) — Slog,b

= 5[log,(1-a)-log, b]

——

log2 ( b ) = log,(1 —a) - log, b

1—a
5log; (T.) = 5(logz(1 —a) - log,b)

Find the value of x in the following equations:

(i) log2+logx=1 (ii)  log,x+log,8=5

i) @D =4 (w) (

) log (5x-10)=2 |
(vi) log, (x+1)-log, (x-4)=2

(i) log2 +logx=1

1

27

=6
J =27

. Solution: We will solve each equation step by step:

Using the property loga + logb = log(a - b), rewrite:

' log2 + logx = log(2x)
Now the equation becomes:
log(2x) =1
Rewrite in exponential form
loga=b=>a=10"
2x = 30
Simplify:

2x=10 = _x=-122

Solution:

e ——
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R — . ; o g L i
T g
.o v
(i) log,x + log;8 =5 ( - 27 ¢ dnd _- as powers of 3:
Apply the property loga + logy = log(a - b) ReW 1 5
We combine the two logarithms using the property: 37 3 27 =33
logox + log28 = logz(x - 8) ' 2
So, we have: 2 IR substltU'é' (373)*6 =33
log,(8x) = 5 ‘ s Al
| . olify the exponents:
¢ log,a=¢) : . ! simplify 3-3(1-6) 33
gx = 2° ’ : : - pquate the exponents:
8x = 32 . —3(1 s 6) =3
- B Simplify:
e P ' , . —3x+18=3
Solve for , .
. —3x 3- 18 :> =3x=-15 = .»=9§

Thus, the value of x is: _ , ' " ;
% ; [ Solution: ”
. v —

i) 81°= 243**2 ; :
S ’ U y
Rewnte 81 and 243 as poweis of 3: il it e ) log(5x—10) =2
81 = 3 243 =3 b, [\
: e B ~ Rcwrlte in exponential form:
_ Substitute: ;s ' 2 ‘ : 5x — 10 =102
: (34)::_ = (35)x+2 _ " | Simp]ify:
Simplify the exponents: _ , : ‘ e 5x—-10=100
_ : - gex - 35(x+2) k Solve forx:. :
Equating the exponents: e, 4 © 5x=100+10=>5x=110=> ==2
: 4x.=5(x+2) : ' ' : 5
Expand: , _ : Solution:
ey ST SR gy -
 Simplify: . | | i) log(x+1)—log(x—4) =2
4x-5x=10 = -x=10 = *¥=-~ 10 Using the property loga — logh = logg rewrite:
Solution: v ; | : ' x+1
- : . - log: (x ) =2
| - B ;
; ewrite in exponential form:
g 1 , x+1 =22
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Simplify:

Expand:

Simplify:

Solution:

x+1
x—4
x+1=4x-4)

=4

x+1=4x-16

17 2
1+l6=4x—x:]7=3x=>x=— =5—
. . 3 3

s

5. Find the values of the following with the help of )
logarithm table: SRR

3.68 x 4.21 o I 7
i - - ii 4.67 x2.11 x 2,
@) ol ( )' : 397
. (2046)°x(24122) . 39.364 x 21.64.,
(iii) = (V) —m
754.3 ; 320 TN
Solution: :
3.68x4.21 e . :
@ 5234 . AT = -
3.68 x 4.21Y :
Tog (_'5_25_) = log(3.68) +og(4.21) — log(5.234)
Substitute values: : @R
. (3.68%x4.21 87
°g(_5_2?i_) = 05658 + 0.6243 — 0.7188 = 0.4713
' Antilog(0.4713) = 2.96
Solution: _
(i) 4.67x2.11x2.397

log(4.67 x 2.11 X 2.397)
= log(4.67) + log(2.11) + log(2.397)

___A

|

——

WW) = 0.6693 + o.3243\
108467 =1 3733 *w
' Antilog(1.3733) = 23.62

golutio™’ 23.62

(20.46)%%2:4122

(iii) 754.3

((20-46)z X12.4122
$ 754.3 )
= 2l0g(20.46) + log(2.4122) — log(754.3)
gubstitute values:
(2046)? X 2.4122
'°g( 754.3

) = 2(1.30) + 0.3824 — 2.8775

Simplify:

; /(20.46)? x 2.4122

3 ]og( e ) = 2.6218 + 0.3824 — 2.8775
| =0.1267

" Antilog(0.1267) ~ 1339

Solution:
: 1.339

- 3p36ax21.64
321

(iv)

19364 x 21.64
log 3.21
= log(3/9-364) + log(21.64) — log(3.21)
Substitute values: i : 3

,o'g ( V9364 x 21.64)

= 0.3238 + 1.3353 — 05065 = 1.1526
3.21 i

Antilog(1.1526) = 14.2
14.21 '

[
0

P
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6. The formula for measure the magnitude of
A
earthquakes is given by Alrlogm(—;) . If amplitude
000 and reference amplitude (4,) is 10. Why

arthquake?
la for the magnitude of

(4) is 10,
is the magnitude of the e
Solution: We are given the formu

earthquakes: A
M =logio (j'q_)
N = 0

Given:

e A=10,000 -

‘o A,=10 :
Substitute the values into the formula:

10,000
. M= logm‘(———10 )

Simplify the fraction:

"M = log;(1,000)
The logarithm of 1,000 with base 10 is:
~ . logy(1,000) =3 -
The magnitude of the earthquake is: '
k- I M =,3

- Abdullah invested Rs. 100,000 in a saving scheme and

. gains interest at the rate of 5% per annum so that the

_ total value of this investment after / years is Rs y. This
. is modelled by-an equation y = 100,000 (1.05) , £ 20.

. Find after how many years the investment will be

double. AN

 Solution: We are tasked with determining after how many years

the investment will double its initial value. : .

Step 1: Define the equation

The initial investment is 100,000. To double the investment:

y = 2 % 100,000 = 200000

- .+ the given model:

200,000 = 100,000(1.05)"

. - olify the equation

P
st.cl" poth sides by 100,000:
pivt 2 = (1.05)".
3: Solve for t using logarithms
S;’; the common logarithm log of both sides:
o= Logz = 10g (1.05)'
ysing the ]oggrithmic property logat= tlog,
log
Logz=tlog 1.05t= —=
' log1.05
= 0.3010
‘%‘* ’ 0.0212
s . = 14.198 years
) =~ 14.2 years
Solve for t:
: 4 In(2)
~ In(1.05)

~ 14.2

The investment will double in approximately 14 years.
8. Huria is hiking up a mountain where the temperature

(T) decreases by 3% (or a factor of 0.97) for every 100 metres
gaine in altitude. The initial temperature () at sea level is

20°C. Jsing the formula T = T; X 0.97) _l_(})% calculate the

temperature at an altitude (k) of 500 metres.

Solution:
The temperature at sea level (T;) is 20°C, and the temperature

gméases by 3% for every 100 metres gained in altitude. The
Ormula for the temperature at any altitude h is:
. 1 h
T=T; X 0.97100

\
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Wen
eed to calculate the temperature at an altitude of 500 n@

(h = 500).

Substitute the known values into the formula:
500

T = 20 x 0.97100

Simplify the exponent:
T = 20 X 0975

We calculate 0.97°: _
097° = 0.8587

Now, multiply the result by the initial temperature:
T = 20 x 0.8587 '
T ~17.174°C - .
at an altitude.of 500 metres is approximately:

The temperature
| |
REviEw EXERCISE |l

1. Choose the correct option.
The standard form of 5.2 X 108 is:

i _
(@ 52,000 (b) 520,000 . '
() 5200000 - (@ 52,000,000
ii. Scientific notation of 0.00034is:
@@ 34x10° (b) 34x10™
© 34x10* @y 34x107
iii.  The base of common logarithm is: :
@ 2 ~ @ 10
e 5 : w € .
v, g, 2=
@ 1 Gm -, @M., 2
© 5 co ey 3
v. log 100 = A
@@ 2 - (b)
@ 10 @1
vi.  Iflog2=0.3010,then log 200 is:
(a) 1.3010 () - 0.6010

T

i) 734: :
To convert 734 into scientific nota

( >
il z‘a’)g positive (b) negative
© - zero (d)  undefined
St log 101000 "
vl gy 2 (b) 3
: log 5+ 108 3= .
* (2 log 0 : ®) log2
© log (;J . (@ logis
; 34 =8lin logarithmie-form is:
@ ‘EARN ®) log,3=81
TGN log, 81=4 (d log,81=3
AérS.‘ : .
G) | b |G [b|a|d | (M]|a |
(vii) | d |(viii) | ¢ x)| d [(®)] ¢

Expr_ess the following number in scientific notation:
) 0.090567 @) 734 (iii) 033 10°

Solution: :
0] '0.000567:
To convert 0.000567 into scientific notation:

1. Identify the significant digits: 5.67.
. 2. Count the number of decimal places the decimal point

needs to movle to reach after the first non-2ero digit: 4

places to the right.”

3. The number becomes:
0.000567 = 5.67 x 107*

tion:

1. Identify the significant digits: 7-3%
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2. Count the number of decimal places the decimal point
needs to move to reach after the first digit: 2 places to the

left.

3. The number becomes:
734 = 7.34 x 10?

(i) 0.33 x 10%
To simplify 0.33 x 10°
1. Adjust 0.33 into scientific nota

s Combine with 10%:

(3.3x1071) x 10
umbers in ordinary notation;

into proper scientific notation:
tion: 3.3 X 1071,

3 =33x10%

;. Express the following n
() 2.6 x 10° i) 8794 x107
i) 6x10°

Solutions:

(i) 2.6 x 10%:

To convert 2.6 X 10% into ordinary notation:
1. 10° means shifting the decimal point 3 places to the

right.
2. Starting with 2.6, shift the decimal point:

2.6 = 26.0 = 260.0 = 2.600.
Answer: 2600 a %

(i) 8.794x107%: .
To convert 8.794 X 10™* into ordinary notation:
1-  10~* means shifting the decimal point 4 places to the left.

2-  Starting with 8.794, add lcading Zeros. as necessary:
8.794 - 0.8794 = 0:08794 - 0.008794 - 0.0008794.
Answer: 0.0008794

(iii) 6x107: ;
To convert 6 X 1076 into ordinary notation: ,
1. 107® means shifting the decimal point 6 places to the left

__/

A 4

|

mwi(h 6, add leading zeros: ~—
3 6 — 0.6 — 0.06 — 0.006 - 0'0006 - 0.00¢
- 0.000006, 006
wer: 0.000006

An$

: Express each of the following in logarithmie forn
g A8 ) e '

i) (127 = 144

To express cach ol the given equations in logariihmic

the general conversion rule; )

' a® = ¢ < can be written as  log, ¢ = b

This s an cxponen!lﬂl equation, where the base is 3, the expone

i 7, and the resultiis 2187, Using the conversion rule: S

37 =.2187 canbe writtenas  log,2187 = 7

Labh=c¢

. This equation is an exponential equation with base a and
ind the result is ¢. Using the conversion rule:
= ¢ canbe writtenas log,c = b

Sol:
form, W€ Us¢

1 exponent b, ¢
N a®

1 «f“ : g :
So, for this equation:

ab = ¢ canbe writtenas  log,c = b
(i) (12)% = 144
This equation is also an exponential equation. The base is 12, the
exponent is 22 and the result is 144, Using the conversion rule:
12% = 144 can be written as  log 144 = 2
Express each of the following in exponential form,
(i) logs 8 =x (i)  log,729=3
(iii)  log,1024 =5
e;)lutmn. To express the given logarithmic equations in
Ponential form, we use the general formula for logarithms:
log,a = ¢  is equivalent to €= q.
Now, let's sol 5 -
» let's solve each one separately:

sl

10348 = X
l'\The logarithmic equation is log,8 = x

-
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2. In exponential form:
X =
3. The equation is true, aA; 4 =88.
Answer: 4= 8 '
(i) loge729 = 3:
1. The logarithmic equatio
2. In exponential form:

nisloge729 = 3.

93 = 729
3. This equation is true, as 93 = 729.
Answer: 93 = 729
(i) log,1024 =5

1. The logarithmic equatio

2. In exponential form:
‘ . .45 =1024

s 45 = 1024.

nis logs 1024 = 5.

3. This equation is true, a

Answer: 4° = 1024

6. Find value of x in the following:

@) logx=05 Gi) (—;‘) =27

1Y

(i) (32) =64
Solution: o ‘
()] loggx = 0.5:
This is a logarithmic equation.
exponential form using the formula logy
equivalent to b® = a. Se:

We can-convert it to its
a = ¢ which s
: o0 =%,

Since 9% is the square root of 9, we have:

x=\/§=3.

Answer: x = 3.

/

/

/ (1)31 o 27: (3 2)]‘ \
e P 1,91 - i
; oxpreSS 3 as 971, and rewrite the .y
first
:on as: ~6x =
equaﬂo (9_—1)31 = 27. . 3
{ ‘ X¥= _z = ]
, : 6 1
Using the rule @")f = a®c, we get: 2
g3 = 27. - d
ress 27 as a power o 9, ie.,27 =33
. 3°. Also, 9 = 32 ¢

7 exp:
NOW 97-3x = (32)-—3x = g6

s, the equation becomes:

Thu: >
gince the pasesare the.same, we can set the exponents equal to
. each other:
) '@ —6x = 3.
sSplving for x: ‘
t ) : Lkl 1
by / X ==
R : -6 2
) : 1
S Answer: X = — 2.

(i) (51;)2’ = 64:

1 i 3
Express 3235 321, and rewrite the equation as:

: _ (3271 = 64.
‘Using the rule.(a?)¢ = ab€, we get:
o 302 =64
Simplifying the left side: :
) N 2—10x = 26.

Qs £ . . .
Since the bases are the same, we can set the exponents equal to

tach other: —10x = 6.
Solving for x:

Answer LR
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7. Write as a single logarithms.
@) Tlogx—3logy? (i) 3logd—log32

(iii) :l;-(log5 8+ log, 27) - log, 3
Solution: -
(i)  7logx — 3logy*: ~
7 6=lo (-{-)
7logx — logy® = logx" ~ logy B\Je

. log, a" =nlog, a)

(i) 3log4 - log32:
= log4® — log32
6

4
log64 — log32 = log ('3'2‘)

.. 64
e Simplify 75 to 2:
4
log (%) = log2.
i) 3 (logs8 +logs27) ~ logs3:

Combine logs8 + logs27:

logs8 + logs27 = logs (8 % 27) = logs216.

e Multiply the result by -:1;:
1
~logs216 = logs2162/* = logs V216.

Since Y216 = 6, we have:

logs V216 = logs6.

e Now, subtract logs3 from logs6:

6 .
logs6 — logs3 = logs (5) = logs2.
/

(iii) | logV 8x°:

it 6y.
log(xy2 )

log(xyZG) = logx + logy+ logz6,
— logx + logy + 6logz. _( log,(a") = nlog, q)

4/~ 3.
Jogs VIMUTL:

1
=g (t#0) = Logy o,

(¢ log,(a")=nlog, a)
‘1
6

(. log,(a")=nlog, a)
= - (log8 + 3logx).

log8 + %logx.

Ni=N]=

- —;—[Iog’+ logx]

(5logzm + 3logyn).

= lpg((8x3)1/z) = %Iog(8x3).

x 3log2 + glogx = glogz + %Iogx.

9. Find the values of the following with the help of logarithm

table:
(i)

(iii)
Solution: (i) V68.24

Y68.24 (ii)
36.12x750.9
113.2x9.98

3/68.24 = 68.24"°

319.8 x 3.543

!

e

o
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i

We now need to calculate the logarithm of 68.24 and divide jt ,
3, since: a

1
log(68.241/3) = §Iog68.24

Using the logarithmic table:
e log68.24 = 1.833 .
Now, calculate:

2 1
log(V68.24) = 3% 1.833 = 0.611

Now, we take the antilog of this value to find the result:
Antilog(0.611) = 4.07

So: )
3/68.24 ~ 4.07
(i) 319.8 x 3.543 . ;
= log(319.8 %.3.543) = log319.8+log3.543

= 2,505+ 0.549 = 3.054

Now, take the antilog of 3.054:
Antilog(3.054) ~ 1136.91

So:
319.8x 3543 = 1136.91

_ 3612x7509
(i)  J332x9.98

1 (36.12 X 750.9) |
08|\ 113.2% 9.98

=log36.12+ log 750.9—log1 13.2-10g9.98
~1.558 +2.876 - 2.053 - 0.999
=1.382

Finally, take the antilog of 1.382:
Antilog(1.382) = 24.1

So:

3612 X 7509
~ 24.1

1132x998 P T

—

/ .
N In the year 2016, the population of \

]0. acity“a .
4 was growing at a rate of 2.5% per y s 22 Milliong
an Year. The r“ntti(,n

F22(1-025y gives the population in milligns ! yea
” S after

p(t
he model to determine in which year the popul
Ulation

2016. Use t
will reach 35 millions. Round to the nearest year.

Solution: To solve this problem, we will use the population

growth model given by the equation:
p(t) = 22'% (1.025)"
We are asked to determine the year in which the population will
reach 35 milli_oq We will solve for t when p(t) = 35.
We v-,vant to.find when the population reaches 35 million. so we
set p(t) = 35:
| 35= 22 (1.025)"
2 = (1.025)"
% 1.5909 = (1.025)°

Take the Natural logarithm (In) on both sides:
In(1.5909) = In(1.025")
using logarithm properties:
In(1.5909) =t In(1.025)
0.4647 =t x 0.0247

04647

0.0247
1~18.82

Since ¢ represents years after 2016:
2016 + 19 =2035

Thus, the population will reach 35 million in 2035.

e ———
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