.. A o
Logic
Students’ learning outcomes

2 the end of the urftil, the students will pe able to: )

pifferentiate between a Mathematical statement and its proof
pifferentiate between an axiom, conjecture and theorem
Formulate simple deductive proofs [algebraic proc;fs that i

. showing the LHS to be"equal to the RHS. e.g., showing (x - 3y :;qu ';f.
-6x+ 14 L ' ' o

Logical Operators

The letters p, ¢ etc., V\CIQ" be used to denote the statements{ A brief
list of the symbols which will be used is given below; 1

N W

~

T ' - - Symbolic
symbols | How to be read
l - - 4451 - .| expression/ How to be read |
= ' NOt. : . ""P- ! Not D
‘ . \- negation of p_ .
A, |And e PAq  |pandq
W Or 7. pvq porgq
P If thén, did |Ifptheng,
- implies TURY eIl pim_pliesq_.
I e I i
if and only if pe4q P
\ 1. to q

anml’le 1: Whether the following statements are true or false.
fy Lahore is the capital of the Punjab and Quetta is the capital
i of Balochistan. | |
i) 4<5A8<10
242=3A6+6=10

falluﬁom Clearly conjunctions (i) and (if) are true whereas (iii) is
s , |

e

L
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T . .
) jonal number. .
s a positive integer or 0 is a rat : T Fing

isjunction. - o
s disj ment are true; the disjunction is trye

have two right angles or Lahore jg e
th value of this disjunction.
s are false, the disjunction is falge,

iversal set, the empty set ¢ j; .

Example 2: 101
truth value of thi
Solution: Since both state
Example 3: Triangle can
capital of Sindh. Find the'tru
Solution: Both the statement _
Example 4: Prove that in any un

subset of any set A.

Solution: Let U be the univefsal set. Consider the conditiona]:

VxEU,XE¢—)IXEA, .-(1)

The antecedent of this conditional is false because no xe U js,

* member of ¢.

Hence the conditional is true. -
Example 5: Construct the truth'table _Of [(P=>9)Ap] and

(p=>9rpl—4 g« o s
Solution: The desired truth Table 7 is given beloyv.
Tp [qle=2a|(po9rp | (P2DAPI>g
T 1.7 T T -y
T | F F F T
F .1 T T F ¥
“F. | F T P \T
) ‘Table 7 '

Example 6: Prove the following mathematical statements.
(@  Ifxisan odd integer, then x2is'also an odd integers
(b)  The sum of two,odd numbers | Note:" '

is even number : If x is odd, then x can be
Proof (a): Let x be an odd integer. | expressed in the form:
Then by definition of an odd integer, | x = 2k + 1 for some integer

WE can express x as: keZ

/
x =2k+1 for some integer k'€ Z
Now o2 =(2k+ 12 =42+ 4k + ]
=221 +2k) + | .
_—‘—-—./'

(

e lweeneg g,

Thus x* =2m +1 for some y ¢ 7

efore x*is an odd integers, by definition gf 4, d
1) Let x and y be odd integers. Note; —
Then by definition of an odd | If x js 4 even inte
jnteget, We €an €XPress x and y | can belexpresseq i,

dinteger,

ger, then x‘\
lhe f(‘)rm.
as: x=2k for Some in[e ' |
= . ger k € |
(=2k+1 and y =2n+ 1 for some integers £ and Z |

Thus, X+ =2k+1)+2n+ D=2k+2m+1+
- =2(k+n+'1)52m, where k+pn+ | =

S0, Xx+y =2mforsome integer m,

Therefore x.+ y is/an even integer, by definition of an even integer

Example 7: Prove that for any two non-empty sets A and B,

(AUB) =4'NE'.

meZz

Note:

Proof: Let x & (AU B) :
’ . ( ) B is a subset of a set A if every

> X¢ (A v B) . element of set B is also an
> x¢Aand x¢ B element of set A.
> xe Bl we i Mathematically, we write:

BcAif VxeB = xe4

f> xe A’m.B’

| But xe (AU BY is an arbitrary element

Therefore (4u B)' c ANB
Now suppose that ye 4'n B’

S yeA.and ye B
S yedand ye B
'S ye(4UB)
S ye(4uB)

Thug AnBc (A U B)
\ £

!
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3
—— econcludethat ~

m equations (l) and (2) W

Fro
(4uB) =4'nE" Hence ol
a 'c i y_ﬂi_”i where a, b, ¢ anq d
Example 8: Prove cht O R

non-zero real numbel's
£ oD I+—-X 1

Solution: F.H S = 7)‘*':1’ 3

) - 'Muhiplicali\'e inver;sc)‘_:
? o

e d:¢.b. ( ! = ) :

=_x_+_x_ o ax—=
o'd d b b b

= [_'i ﬂ RlllL of pmdum.uon of fraction — i - 4 ) :
bd  db bd b
a‘l+£,i {+ Commutative Jaw-of multiplication b~ ba)
bd bd =

Jit: ¢ 1 ( 1 u )
=adx —+bex— | ux—=—"
bd be b b

- | {
=(ad +bc).—  (~ Distributive property)

bd
P St i " Hence proved.
d - bdr> ®
Example 9: Prove that.  (x + [)* + 7= x"+2v+8
Deductive Proof: L.H.S =(v+.1)*+7
= (.\' + ])(.\' + I ) + 7 (.._. R .\.:."; Rl
=x@+Drliv+1)+7 ~ (* Right distributive law)

=xxty-fEyigsis
&2
"Xyt ]ox+ 147

"X+ (I~ )+ 8

A 8
(* Commutative law & y*x"—x"")

(+ Left distributive law) _____—

Right distributive law)

Multiplicative idcl\lily)

N

i

: Thus

\’ r?r‘i“x.
,RHS

—

*, LHS=RHS

hus, @+ 17+ 7= 0242048, Hene

45 proved
Example 10: Prove that %‘5 =3r4 1
e re. . 5 Y Justifying .
45x+ Br+15 e cach sip

beductivé Proof: LHS =

' . T ¢
_ L @5x+15) ( a1
15 o : h-/,xu

J (15 3x +15 % )

e

= (< Ni'ulliplxculi\u identity)

.
= —x 153% )~
45

(** Distributive law)

(_xIS}(3\'+|)
(= Associative law)

-(3x+1) (v

* Multiplicative Inverse)
_3\+|—-RHS '1'~'
45x+15 :

Multiplicative Identity)

= 3x+ I hence proved.

EXERCIS!I

-Four options are given against each statement. Encircle
the correct option.

(i) . Which of the following expressions is often related to
: inductive reasoning?
()
(b)
()

()

based on repeated exaperiments
if and only if statements
Statement is proven by a theorem

based on general principles



https://v3.camscanner.com/user/download

-

—_—
sentences describe deducy;, ) .
live #~ (b) conscquent is true and an ~—
cCCd!‘n, is
o ’falj,a

iy  Which ot the following
reasoning’ © -
. - imi c ent s true
(a) general conclusions from a limited number < ' only.
Obsgr\a{i(\ns (d) Consequenl 1S faISC Only
(b) basedon repeated experiments ( i) Contrapositive of ¢ = p is
(c) basedon units of information that are accurate @ 9P )
(@ draw conclusion from well-known facts ©. PP C q-p
. “ . ) g -~
(i) Which one of the following statements 1S true? (i) The statement “Every'} mtegﬂ : §~p
two prlme numbers” is greater than 2 is 5 5y

The set of integers is finite ~ )
(a) theorem
' (b)  conjecture

(a)
(b) The sum of the interior angles of any quadrilateral is

shgrne (c) * axiom @

22 postulates
© =e0 “fhostatement "A straight fin

’ two points" is: € can be drawn between any
(d) All isosceles triangles are equilateral triangles 6., thesea .

: )  conjecture
.(c) axiom @ logic

Which of the following statements is the best.to represent

(iv)
the negation of the statement “The stove is bummg"? ' -
(a) the stove is not burning. (" “ ?;h:S(S)t‘ifil:ent e e i i
(b) the stove is dim : 747 ' _ (a) converse (b) theorem
(c) the stove is tumned 10 low heat § (c) axiom © (d) conditional
- EAnswers: )
@ a | G| d (iii) c |Gv] a [ Db

x| b

(d) it is both buming and not burning.

(v, h
) The conjunction of two statements p and  is true when: -

(Vi) | a |[(vi))| ¢ (vm) b | (ix)| ¢ |
inverse and contrapositive of the

L Write the converse,

(a)‘ both p and ¢ are false. (b)  both p and ¢ are truc-
(c) onl is tru . followi s
i T ¢ . (d) onlypistrue (;’) owing -c—(:ndmonals. NAr R
~P q !
@iy ~9>?

(i) ~p—=>~1
c of the comcrse, inverse, and

§
lution; 1 et's go through the logic
ncondmo:. o e

(a) an i
) antecedent is true and consequent is false. -
: o
| Mrapositive for each of the give

________/
L 8

(vi) A conditional is regarded as false only when:
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e B SO . Contrapositive: Negate b, . e
conclusion, and swap them YPothes

. . . - q " .
@ C “""'“"_":" 4 (1ot p, then ¢°) oy 35 ang
o Original: ~ P he hypothesis and conclusion, . ) 9-p
e Converse: Swap the i 2 ("If q, then p")
g =¥ W) Conditional: ~ g -~ p

o Original: ~ ¢ =~ p ("If no

q, then noy
o Converse: Swap the hypothe en not p

)

("If q, then not p") i hypothCSiS and conelusior,
SIS and conclys

o Inverse: Negate bo

p -~ hc ~ P o~ q sion
N " . .' " ant p’ then not n)
('If p, then not q ) hypothesis and (1 q
« Contrapositive: Negate bplh the hypoth o Inverse: Negate both the hypothesis and conclusi
conclusion, and sWap lheﬂ: 2 f>p usion,
~q ("If q, thenp")
("If not g. then p°) : o Contrapositive: Negate both the hypothesis and
@) Conditional: ¢ = P L 3 ( conclusion, and swap them,
« Original: g = p (Ifq. then?") lusion P-q
» Converse: Swap the hypothesis and conclusion. ‘ \ ("If p, then q")
p-4q | oty | 3.~ Write the truth table of the following:
('lfp.theng’) e @ ~(vovi=9) (i) ~(~gv-
‘erse: te both the hypothesis and conclusion. =)
o Inverse: Negate R , (iii) (pvg)e(pag)
("If not g, then not p") = Sol:  Let's construct the truth table for each expression. We
: need the truth values of p, g, and the expressions for all possible

o Contrapositive: Negate both the hypothesis and
conclusion, and swap them. S
R o N | i
("If not p, then notq")" T - (»vaq) | (-q)
(iii) Conditional: ~p =~'q
e Original: ~p=~ g ("If not p, then not q")

combinations of p and g (True or False).

pva | -(pva) | ~a| -Gvalv(-
F F F

Pl4a
o Converse: Swap the hypothesis and cgnclu'sioq. T|T| T
| ~q-~p TIF| T F | T T
nlf " f d ! S
("If not g, then not p") = A FITl T F B INET
o Inverse: Negate both the hypothesis and conclusion. | ) =
F|F| F T 17
p—q BN TRy e

("If p, then g")
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@ ~(~qV-P) e T SIS
S v ;”;L’TLL—EL
T|T|F |F f—/‘;”__—
3 T A L B
i A R | A
FIF|T LL-——‘F"_—“

i) (ve) e @A)

plalovalpad] @ve) © @nq)
e el . !
¢ i LB

PlE|T |F-_.LF

F|F|F |F |T

4. Differentiate between a Ma‘thema.t‘i_cal Statement ang
Its Proof and provide fwo examples. '

Mathematical Statement vs, Proof

Ans. Mathematical Statement: -

) A mathematical statement is a declarative/sentence that is
either true or false, but not both. It represents a claim or
assertion about a mathematical concept, property, Qr
relationship. '@ (I
Example: "The sum of any twe even numbers is even."

o - Itcan be an axiom, theoreni, leinma, corollary, or
conjecture, i S

o Mathematical Proof:

A proof is a logical explanation or argument that

demonstrates the truth or falsity of a mathematical

Statement, It yses established rules, axioms, definitions,

and previously proven results to justify the claim.
o Pr.oo.fs‘ensure the validity of mathematical reasoning and
eliminate doubt about a Statement's correctness.

/

'Examples

¢ Statement: “The mumn of sy yp gygy bers ;
o Proof: ' mbers is €vep

Let a and b be two evep num
number can be written 5 a
and n are integers,

The sum of a and b is:

bers. By deﬁnition, an ey

2mand b = 21, where

m

therefore even.
EXAMPLE 2¢ ?
° Statement:
- ¢ _Proof:- »
Let n be an odd number. B
. be written as n = 2k + : 3
- The square of n is:

n? = (2k + 1)2 =4k 4k 41 =202k 4 2p) 41
-Since 2k? + 2k is an integer, n? is of th

~~ which is odd.

Key Difference:

“The square of any odd number is odq »

Y definition, an odg number can
where k is an integer.

e form 2m + 1,

* - A mathematical statement is the claim being analyzed,
- while its proof provides the logical steps that confirm or
refute its validity.
S. - What is the difference between an axiom and a
-~ theorem? Give examples of each.
 Solution: Difference Between Axiom and Theorem

1. Axiom: . :
©  Anaxiom is a self-evident truth or a fundamental
~ assumption that is accepted without proof. '
9 Axioms serve as the foundation of a mathematical system |

* and are universally agreed upon within that system.
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P ey

e points 10 derive other resulg ang
a

o They are used as s
prove theorems. :
Fxample of an Axiom:
In Fuclhidean Geomelry:
there exists exactly on¢ straig
In Algebra: "If @ = b and b =G
property of equality).

Theorem:
A theorem is a proposition oF statement that has been

proven to be true using logical reasoning, based on

axioms, definitions, and previously proven theorems,

Theorems are derived truths in mathematics and require

proof to establish their validity.

Example of a Theorem:

o Pythagoras’ Theorem: "In a right trianglé, the square of
the hypotenuse is equal to the sum of the squares of the

other two sides."

«Through any tWo distinct Poing

ht line." ‘
then @ = ¢" (Transitjy,

< o]

o

8]

¢ =a?+b? e

o  Fundamental Theorem of Arithmetic: "Every integer
greater than 1 is either a prime number or-can.be uniquely
expressed as a product of prime numbers."." T

Key Differences \ .

Aspect | Axiom , Theorem ‘

Nature | Assumed to betrue” , | Proven to be true with
without proof, logical reasoning.

Role Forms the foundation of | Derived from axioms and |
a system. “other theorems.

Proof | Does not require proof, | Requires a formal proof.

Example "A point has no "The angles of a tri;n_gT:’
dimension." - add up to 180°."

In summary, axioms are the building blocks of mathematical

. :
ystems, while theorems are the results built on those blocks.

BRI

—

—
~  what is the importanc, of I

6. ioal proofs? Giy 'Bical reason:
ematica p $7 Glve an ¢y, Teasonip
n‘"': mple ¢, Mustrgy, ;
i“ " Our
po ortance of Logical Reacn.:
/1”5' mp 4 Ruwnmg in Math .
roofs Matica)

gical reasoning is th'c foundation of mathematica] prc, v
sures that ma.thematl?al arguments are valid, con ooy
pased O established principles. Thays why [o
ucial in proofs:

(. Ensures Validity of Results

Logical reasoning allows mathematicians 1o establish the tyth of
gatements sys;ematically. A proof derived from soun e
ensures that the result holds universally under the giv
condiﬁons'

sistent and
{, and

gical reasoning |

d reasoning
en

_ Example: To prove the statement: "The sum of two even

numbers is even."

1. Let two even numbers be 2m and 2n, where m and n are
" integers.

2. The sum is:

: ‘ 2m+2n=2(m+n)
~ Since m + n is an integer, 2(m + n) is divisible by 2,
proving the sum is even. ‘

This logical reasoning guarantees the result is valid for any even
numbers.. - - ‘

2.Builds on Established Truths
Logical reasoning connects axioms, definitions, and previously

Proven theorems to derive new results. This chain of reasoning
ensures that the mathematical structure remains consistent.
Example: Using the Pythagorean Theorem:
‘ Ifa2+b2=c2,anda=3,b=4,lhe' _
theorem. Logical reasoning justifies this conclusion by

substituting and verifying the equation:
\‘

n ¢ = 5 satisfies the -
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e B 6T

3+
oids Errors
helps identify ga

T —

ps or fallacies in argumepg
rified assumptions are made.

s false proof "1 =2." the error often Jjoy
plying algebraic rules. Logical reasoni,
amining each step for validity, 8

3. Detects and AV
Logical reasoning
ensuring that no. unve
Example: In the famou
dividing by zero or misap
detects such mistakes by €x
4. Enables Generalization
Logical proofs often apply uniV
for all instances of the problem.
Example: Proof of the formula

numbers:

ersally, meaning the result hojgg
for the sum of the first n‘natu}al

n(n+1)
S=1+2+3+"'+n= 7

This result, proved through logical induction, applies to all

positive integers 7.

5. SupportS Communication and Replication
Logical reasoning ensures that proofs are clear, rigorous, and ;
reproducible by others. It provides a common language for |
mathematicians worldwide. K '
Ilustrative Example

Statement: Prove that "The square of-any odd number
Proof: ' el ot b,

1. Let an odd mumber be represented as 2n + 1, where n is

an integer.
2. The square is:
n+1)?2 =dn? +4n+1=2(2n2 + 2n) + 1.
3. Since 2n? + 2n is an integer, 2(2n? + 2n) + 118 of the
form 2k + 1, which is odd. . | | )
Logical reasoning confirms the statement holds for all 0dd

numbers.

is odd."

///“_.
Indicate whether jt jg an
A axiom, o .
theorém, and explain your "330ning.’ “Onjectur, =

(@) "Through any tw, points
straight line," ,

"
"Every even number Breater ¢

t P
here js EXactly gp,

(i)

' i han 2

written as the sum of ¢y tan he
o 0 pri

(iii)  "The sum of the angle jn ':":mt num.bcn'..
degrees." Tiangle is 189

Ans. (i) ""Through any two. points, there is exacty

one straight

lin e'" .
.« Type:-Axiom
o Reasoning:
This statement is universally accepted without proof and
forms the foundation of Euclidean geometry An axiom is
. X o S
a self-evident truth that does not require proof, and this

statement satisfies that definition.

< (i) * "Every even number greater than 2 can be written as

'the sum of two prime numbers."
" o Type: Conjecture
¢ Reasoning:
This statement is known as the Goldbach Conjecture. It
has been verified for many numbers but has not been
rigorously proven or disproven for all cases. A conjecture

. is a statement believed to be true based on evidence but

lacks a formal proof.
(iﬁi) "The sum of the angles in
*  Type: Theorem
* Reasoning:
This statement has been
the axioms of Euclidean ge¢
statement that is Jogically dedu.-
previously established statements,

'\logii/’

a triangle is 180 degrees."

«natically proven based on
- Atheoremisa

and proven using

axioms, and rules of

Ry 3
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e oofs for each
ple Deductive Proot of g

o N e
o Formulate Sim ns, prove that the LS is equy o

following algebraic cxpressio

the RHS:
(i Prove that (x =
(i) Prove that (v +1 1
(i) Prove that (¥ + g~ (x-9)"" 20x

T
Sol: () m\-emn(x—4)’+9—x 8x + 25

Proof: . .
Start with the left-hand side (LHS).

(x-4)7*+9
Expand the squared term (x- %
(x-4)?=x*-8x+ 16
Substitute this into the expression:
x?-8x+16+9
Simplify the constant terms:
x?-8x+25
5. Now the expression is x? — 8x + 25, which is the sanie as
the right-hand side (RHS). '
Thus, we have shown that:
(x-4)?+9=x*—-8x+25
Hence, L.H.S =R.H.S

—

rJ

‘ad

<

*

(i) Prove that (x + 1)2-(x-1)%=4x
Proof: )
1. Start with the lefi-hand side (LHS):
x+1D:-(x-1)%
2. Expand both terms:
x+1)?-(x-1)?*=4x
Hence, L.H.S =R.H.S

(iii) Prove that (x + 5)® - (x — 5)% - 20x
Proof: : :
1. Start with the left-hand side (LHS):
(x+5)?-(x-5)% - "
_/

9. Expand both squared terp,,
(x+5)% = 2
(x=5)% =

3. Substitute these expandeq formg
(% +10x +25) (2 _
4, Distribuite the subtraction: 0 +25)
x4+ 10x 425
5. Simplify the terms; '

x? - x2 410
% +10x + 25 - ¢
: 20x
6. The expression simplifies to 20x, w
side (RHS), |
Thus, we have shown that:
‘ (x +5)% - (x - 5)2
=2
Hence, L.H.S = R.H.S 5

+ 9.~ Prove the following by justifying each step:

#10x - 25

hich is the rj

4+16x

L.. Distribute the denominator 4:

4+ 16x _ _‘f+ 16x
2 4 4
2. Simplify each term:
4 16x

ght-hand

0) > 2 Bl (ii) 6xz+18x= 2x
) x'-27 x-3
) X 2+7x+10 i x+5
" X f3x -9 x-5
Sol. Prove the following step-by-step with justifications:
| 4+1
H - 46x= 1+4x
Steps:
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———— ‘\
rc_;ul(s:

e 2

. Combinc ‘hf

2x
—

-

6IZ+18x

(i) 3529

su‘ps:
1. Facto

2 4 18x:
rize the numcrntor 6x* +

e? + 181 = 6x(x ¥ 3)

denominator 3x% = 27:

~9) = 3(x—3)(x +3).

tored forms:

Factorize the
_ 97 =3(x*
Write the fraction with fac
 6x(x+3)
3(x—3)(x+3)

¥

6x? + 18x
: ""z‘.'_’_

4, Cancel common factors (x+3):

6x(x+3) . - 6x = RATS
3(x-3)(x+3)  3(x=3)
5. Simplify the coefficients:
6x” | N 2x

3(¢¥~3) x-3
G 2470410 _ x45
x2-3x-9 ~ x-5

Steps:
-1

. Factorize the numeratbr x% + 7x + 10:
- X +7x 410 = (x + 5) (x + 2):
\

i

2. Factorize the denominatoy st
does not directly factorize over integ
the statement might contain an 24
dcnommator

~3x-9; 42 _ 3x-9
gers. For s ,lmpllhcatmn
ISumption or error i the

Rewrite:
x*=3x-10 = (x = 5)(e 2).
3. Write the fraction with factored forms:

2
x +7x+10=(x+5)(x+2)
= 3= 100 =5)(x 4 2)

" 4. Cancel common factors (x +2):

(x+5)(x+2) x+5

(x=5)(x+2) x-5
10, 'Suppose x is an integer. If x is odd, then 9x + 4 is odd.
Sol:  To prove the statement "Suppose x is an integer. Then x is

odd if and only if 9x + 4 is odd,” we will prove both directions of
the statement:

(1)  If x is odd, then 9x + 4 is odd.

Let x be an odd integer. By definition, an odd integer can be
“written as:

’ x=2k+1 forsome integer k.
Now substitute x = 2k + 1 into the expression 9x + 4:
Ix+4=9Rk+1)+4
Ix+4=18k+9+4
9x + 4 = 18k + 13.

Since 18k is divisible by 2, 18k is even. Therefore, 18k + 13 is
the sum of an even number and an odd number, which is always
odd.

Thus, if x is odd, then 9x + 4 is odd.

®

l ——
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ox + 4isodd, then X0
@ 1 being any integ

Let9x + 4=

Notice that for x to be an integer, the numera}or czl;" = 3 must b
divisible by 9. This can only happen when x 1 0¢c.
Thus, if 9 + 4 is 0dd, then x is 0dd. -
Conclusion: -
We have proved both directions: -

. Ifxisodd,then9x+4isodd.

o If9x + 4 is odd, then x is odd.
* Therefore, the statement is true: x is odd if and only if 9x + 4 isodd,
Q.E.D. . [
11.  Supposex is an integer. If x is odd ‘then Tx+5is.even.
Sol:  To prove the statement "If x is odd, then 7x +.5 is even,"
let's proceed step by step.
Step 1: Assume x is odd. . i
By the definition of odd numbers, if x is‘odd, then it can be
written in the form: '
; x = 2k + 1. for some integer k.
Step 2: Substitute x =2k + 1 into 7x + 5.
We now substitute the expression for x into 7x + 5:

Tx+5=702k+1)+5
7Tx4+5=14k+7+5

Tx+5 =14k + 12.
>tep 3: Factor and conclude the result,

We can factor out a 2 from the expression:

7x+5=2(7k +6). R

- + 6 is an integer (bec ,
gince 7k + 518 a1 ause k g ap ;
expression 18 divisible by 2. Therefore 71" 1Ibmscgcr,'h,,\

"h‘)le

" I .
Conclusion. San evey .

we have shown that if x i odd, then 7x +
Q,E.D.
2. Prove the following Statemengy

(a) ' Ifxis an odd integer then Show.that 2 ;
(b) Ifxis an even integer thep sk, 18 0dd,

W that -
Solution: Let's prove each staterrien ol S:p *2e+ i even,

(a) Ifxisan oddinteger, then shoy that x2 is o4,
Proof:
1.~ Assume x is odd.
By the definition of odd integers, if x i odd, then:
x=2k+1 forsome integer k.
2. Substitute x = 2k + 1 into 2,
We now calculate x?:
| X2 = (2 +1)2
3. Expand the expression for x2:
= k+1)2k+1) =4k + 4k +1,
4. Factor the expression:
x% =2(2k? + 2k) + 1.
' This shows that x? is of the form 2m + 1, where
m = 2k? + 2k is an integer.
5. Conclusion: Since x> = 2m + 1, we see that x* is odd
because it is of the form 2m + 1, which is the definition of an
odd integer.
Thus, if x is odd, then x? is also odd.
Q.E.D,
(b) If x is an even integer,
Proof:
1. Assume x is even.
By the definition of even intege

I‘mlkr

5is even,

then show that x? + 2x + 4 is even.

rs, if X is even, then: -
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| ok for some integer k. ‘

ntox2+2x+4

=2ki
. S"bmmm 2 I—(2k)2+2(2k)+4

224 2x+d

¢ expression
2r2td= 4k2+4k+4

We can factor out 4 from the entire expressmn
X+ ¥e= 4(k>+k+1)
. 4. Conclusion; Since R+2xtid= 4(k% + k +1), the
expression is clearly divisible by 4, meamng that it is even,
Thus, if x is even, then x2 + 2x + 4iseven. »

Q.E.D.
13.  Prove that for any two no

3 Simplify th

n-empty set A and B',

(4n B) =4'UB'
Sol:  To prove the given set identity:
(AnB) =A'V B’ ;
where A’ and B’ rcpreséht the complements-of the sets A and B
respectively.
Definitions:

1. Complement of a set A, denoted by - A’+ The complement '

of set A contains all the elements not in'A.

A ={x:x ¢A)
2. Intersection of two sets:A1\B:The intersection of sets A
and B contains all elements that are in both A and B.

AnB={x:x€Aandx €B}.
3. Complement of the intersection (AN B)': The
complement of the intersection of A and B contams all the
elements that are not in both 4 and B.
" - 4, Union of sets A’ U B': The union of the complements A

and B' contains all elements that are either not in Aor n°t inB.

A'UB’—{xXEAorxeB} &

_/

F

001
l;:c want to show that: e ———
(AnBY =pyp

Lo glcal form of the theorem:
~(prD)="PV~14

-7 | ¢ ~P | ~q Wm\
= i W F | F \T'-—w
B 10} ) A W

s .
“From the last two columns of the truth table we observe 1
~(pAQ)=PY~4 )

' Hence, (40 BY =A uB.

14. ", Ifxand y are positive real numbers and x* < ,* then
x<y _

Solution: We are tasked wnth proving that if x and y are positive

real numbers and x? < y2 thenx < y.

Given:
e xand y are posmve real numbers.
o x2<y>
To Prove:
i x< y.
Proof '
Since x and y are positive real numbers, we can t
root of both sides of the inequality x? < y2. Here's how:
o From the assumption, we know that 2 <yt
e Since x and y are positive, we can take the square root of .
both sides without changing the direction of the inequality:

f<J—
t of x2.is x (because
ause ¥ 1S

ake the square

‘ x is positive), and the.
~® The square roo 150 positive:

square root of y* is Y (bec
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o i———

y for positive real numbers x and y,

2 <
Thus, lfxz <y% then X

Q.E.D.
15. Thesum of the interio

Ans. Triangle is 180°
‘Given: A A4BC

L

rangle of 2 triangle is 180°

'are non-zero) 2=

B ¢
To prove ' '
: m£A+mAB+m£C =180°
Construction: |
‘ Passing through vertex B draw LM I AC
Proof: -
m/+mZ2+mZ3=180"..... (i) Sum of st. Liné angles
mZl+mZA..... (i) | Alternate angles are equal.
m/2=m/ABC..... (iii) | From figure o
mZ3=m/C.....(iv) Alternate angles are equal
Now (i) can be written as

mZA+m/ABC +m£C =180°

From (i), (i), (iii) and (iv).

mZA+m/B+mZC =180°

mZABC =m4B

Hence, the sum of the interior angles of a triangle is 180°.
16.  Ifa, b and ¢ are non-zero real numbers, prove that:

0) %=;©ad be

(iii) %+ &

B %

o0

5 ac ac
B 35w

5/0"' Let's prove each of thm
a :

..=—-<$ad be

@@ » d
rroOf:a C
leen - , We can wme

a-d=b-¢ (cross-multlphcatxon)
a

: o _b_=:1-=>ad =bc.

if d N : .
Conversely, ifa £bc‘, divide both sides by b - d (since p add
b

Hence, -;—d ﬁad=bc.

LN R
Proof Usmg the definition of fractions:
ac a-c

b d bd

) Hence, the product of two fractions i 1s —, as required.

a+c
i) = + -= %
Proof: Smce the denommators are the same (b), we add the

a+c
numerators directly: - + == T’

Thus, the sum of the ﬁ'actlons is T

Conclusion: _
All three statements have been proven.
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